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Abstract
Let M be a ﬁnitely generated graded module over a Noetherian homogeneous ring R with local
base ring (R0,m0). Then, the nth graded component HiR+(M)n of the ith local cohomology module
of M with respect to the irrelevant ideal R+ of R is a ﬁnitely generated R0-module which vanishes
for all n 0. In various situations we show that, for anm0-primary ideal q0 ⊆ R0, the multiplicity
eq0 (H
i
R+(M)n) of H
i
R+(M)n is antipolynomial in n of degree less than i. In particular we consider
the following three cases:
(a) i < g(M), where g(M) is the so-called cohomological ﬁnite length dimension of M;
(b) i = g(M);
(c) dim(R0) = 2.
In cases (a) and (b) we express the degree and the leading coefﬁcient of the representing polynomial
in terms of local cohomological data of M (e.g. the sheaf induced by M) on Proj(R).
We also show that the lengths of the graded components of various graded submodules ofHi
R+(M)
are antipolynomial of degree less than i and prove invariance results on these degrees.
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1. Introduction
Throughout this paper we use the following notation.
Notation and convention 1.1.
(A) Let R =⊕n∈N0Rn be a Noetherian homogeneous ring with local base ring (R0,m0).
So R0 is a Noetherian ring and there are ﬁnitely many elements l1, ..., lr ∈ R1 such
that R = R0[l1, ..., lr ]. Let R+ := ⊕n∈NRn denote the irrelevant ideal of R and let
m := m0 ⊕ R+ denote the graded maximal ideal of R. Moreover let q0 ⊆ R0 be an
m0-primary ideal. Finally letM =⊕n∈ZMn be a ﬁnitely generated graded R-module.
(B) Let (R̂0, m̂0) denote them0-adic completion of the local ring (R0,m0). By R̂ we shall
denote the Noetherian homogeneous ring R̂0⊗R0R and by M̂ we denote the ﬁnitely
generated graded R̂-module R̂0⊗R0M .
(C) Fori ∈ N0 and for any ideal a ⊆ R letHia(M) denote the ith local cohomology module
of M with respect to a. Keep in mind that if the ideal a is graded, Hia(M) carries a
naturalR-grading. In this case, for n ∈ Z, letHia(M)n denote the nth graded component
of Hia(M).
(D) IfM ⊆ Z, inf(M) and sup(M) are formed in Z ∪ {±∞}. We convene that the degree
of the 0-polynomial and the Krull dimensions of the empty set and of the zero module
are equal to −∞, thus deg(0)= dim(∅)= dim(0)=−∞.
(E) We say that a numerical function h : Z→ Z is antipolynomial (of degree d), if there
is a polynomial p ∈ Q[x] (of degree d) such that h(n) = p(n) for all n  0. In this
situation, p is called the representing polynomial of h.
(F) If ∅ = P ⊆ Spec(R0), we write minP for the set of all minimal members of P with
respect to inclusion.
In this paper we are interested in the graded components HiR+(M)n of the ith local
cohomologymoduleHiR+(M) ofMwith respect toR+. In geometric terms, we aim to study
the Serre cohomology modulesHi−1(X,F(n)) of the projective schemeX=Proj(R)with
coefﬁcients in the nth twistF(n) of the coherent sheaf of OX-modulesF= M˜ induced by
M (cf. [1]).
It is well known that the R0-module HiR+(M)n is ﬁnitely generated for all n ∈ Z and
vanishes for all sufﬁciently large values of n (cf. [8, Proposition 15.1.5]). On the other hand
not much is known in general on the asymptotic behaviour of theR0-moduleHiR+(M)n if n
tends to −∞, except that this behaviour may be unexpectedly complicated (cf. [5,11,15]).
In this paper, we aim to study the mentioned asymptotic behaviour from the point of view
of numerical invariants.
If dim(R0) = 0, this asymptotic behaviour is well understood. In this case the graded
R-module HiR+(M) is Artinian, h
i
M(n) := lengthR0(H iR+(M)n) is ﬁnite for all n ∈ Z and
hence there is a polynomial piM ∈ Q[x] such that hiM(n) = piM(n) for all n  0 (cf. [8,
Theorem 17.1.9]). Moreover, the degree and the leading coefﬁcient of the polynomial piM
can be expressed in terms of local cohomological data of M on X = Proj(R) (hence of the
coherent sheafF=M˜ induced byM on X): Namely, the degree of piM equals the dimension
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of the so called ith cohomological pseudo-support
+Psuppi (M) := {p ∈ Proj(R)|Hi−dim(R/p)pRp (Mp) = 0}
ofM.Moreover, the leading coefﬁcient ofpiM can be expressed by an “associativity formula”
in terms of the lengths of the Rp-modules Hi−dim(R/p)pRp (Mp) where p runs through all
p∈+Psuppi (M) for which dim(R/p) is maximal (cf. [6, Theorem 1.1]).
Our aim is to ﬁnd extensions of these results which apply if dim(R0)> 0. We let the
case dim(R0) = 0 set the standard for our “maximal expectation”. We shall show that in
certain cases some numerical invariants of theR0-modulesHiR+(M)n are of antipolynomial
growth and express the degrees and the leading coefﬁcients of the representing polynomials
in terms of local cohomological data of M on Proj(R).
If dim(R0)> 0, the R0-modules HiR+(M)n need not be of ﬁnite length and so other
numerical invariants must be used. There are three ways of doing so which could lead to
natural extensions of the results which hold if dim(R0)= 0. Namely instead of the function
given by hiM , one could consider
• the function given by n → lengthR0(m0(H iR+(M)n)), where m0 denotesm0-torsion;
• the function given by n → lengthR0(0:HiR+ (M)nq0), where (0:HiR+ (M)nq0) ⊆ H
i
R+(M)n
is the submodule of all elements annihilated by q0;
• the function given by n → eq0(H iR+(M)n), where eq0 denotes the Hilbert–Samuel mul-
tiplicity.
Instead of the length one also could think on theminimal number of generators as a numerical
invariant and consider
• the function given by n → lengthR0(H iR+(M)n/q0HiR+(M)n).
If dim(R0) = 1, the four numerical functions mentioned above are antipolynomial of
degree less than i (cf. [3, Theorem 3.5]). Moreover in this case, the ﬁrst Hilbert–Samuel
coefﬁcient of theR0-moduleHiR+(M)n is antipolynomial in n of degree less than i, whereas
the corresponding postulation numbers have a common upper bound (cf. [7, Theorems 3.1
and 3.3]). In the present paper we shall see that the degrees of the polynomials which
represent the functions
n → lengthR0(0:HiR+ (M)nq0) and n → lengthR0(H
i
R+(M)n/q0H
i
R+(M)n)
are independent on them0-primary ideal q0 (cf. Theorem 2.8). This follows easily from the
fact that the graded R-modules (0:HiR+ (M)m0) and H
i
R+(M)/m0H
i
R+(M) are K-Artinian,
e.g.Artinian with graded components of ﬁnite length in all degrees n 0 (cf. Remark 2.1).
The same independence result holds for the function
n → lengthR0(HcR+(M)n/q0HcR+(M)n)
if R0 is of arbitrary dimension and c is the cohomological dimension of M with respect to
R+, thus c= dim(M/m0M). (The fact that the graded R-module HcR+(M)n/m0HcR+(M)n
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is K-Artinian for arbitrary local base ring R0 has been shown independently by Rotthaus
and S¸ega (cf. [13, Theorem 2.1]).)
To return to the case dim(R0)=1 let us notice that we do not give a general description of
the degrees and the leading coefﬁcients of the representing polynomials of the above four
numerical functions.
In the case dim(R0) = 2, the situation changes drastically. Here, the graded R-modules
(0:HiR+ (M)m0) andH
i
R+(M)/m0H
i
R+(M) need not beArtinian in general (cf. [3, Examples
4.1 and 4.2]). Moreover the above numerical functions need not be antipolynomial in this
case, as shown by examples of Katzman and Sharp. Let us quote one of their examples in
slightly modiﬁed form.
Example 1.2. [11, Theorem 3.2] Let K be any ﬁeld of characteristic zero. Let R0 :=
K[x, y](x,y) and let S := R0[u, v] where x, y,u, v are indeterminates over K. Deﬁne a
grading on S by setting deg(x)= deg(y)= 0 and deg(u)= deg(v)= 1. Let f := 2x2v2 +
2xyuv + y2u2 and set R := S/f S. Notice that f is homogeneous of degree 2 and R is
a Noetherian homogeneous ring whose base ring R0 is regular local and of dimension 2.
According to Katzman and Sharp, for each n< 0
lengthR0(H
2
R+(R)n)=
{
n2 if n ≡ 0 mod 4;
n2 − 1 if n /≡ 0 mod 4.
This example somehow covers all the bad cases that are to be expected if dim(R0)= 2.
We namely prove (cf. Theorem 5.7):
If dim(R0) = 2 and dimR0(H iR+(M)n)1 for all n  0, then the function given by
n → eq0(H iR+(M)n) is antipolynomial of degree less than i.
Under fairly mild additional hypotheses on R0, this result ﬁnds a natural extension to the
case dim(R0)> 2 (cf. Theorem 5.9). Also, if dim(R0)= 2 and x ∈ m0 ism0-ﬁlter regular
with respect to HiR+(M)n for all n 0, the function given by
n → lengthR0(0:HiR+ (M)nx)
is antipolynomial of degree less than i (cf. Proposition 5.4). It should be noted that here the
graded R-module (0:HiR+ (M)x) need not be Artinian (cf. Remark 5.5 (B)).
Moreover, we shall see that the graded R-modules H 1m0R(H
i
R+(M)) are Artinian if
dim(R0)= 2 but not necessarily if dim(R0)= 3 (cf. Proposition 5.10 and Example 5.11).
If R0 is of arbitrary dimension one still has a chance to study the asymptotic behaviour
of some of our numerical functions for special choices of i. We already gave a comment of
this type concerning the case i = dim(M/m0M). In Section 3, we follow this idea and ﬁrst
study the function
n → lengthR0(H iR+(M)n)
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for values of i which are strictly smaller than the cohomological ﬁnite length dimension of
M, which we deﬁne as
g(M) := inf{j ∈ N0|lengthR0(HjR+(M)n)=∞ for inﬁnitely many n ∈ Z}.
If i < g(M), we shall see that there are isomorphisms HiR+(M)nH
i
m(M)n for all n 0
(cf. Proposition 3.4). This allows to apply local duality and hence to generalize what has
been said on the case dim(R0)= 0 (cf. Theorem 3.6 and Remark 3.7 (A)):
If i < g(M), the function given by n → lengthR0(H iR+(M)n) is antipolynomial and
the degree and the leading coefﬁcient of the representing polynomial may be expressed
by local cohomological data of M on Proj(R).
As an application we can show that for arbitrary i, but under some assumption on the
supports of the R0-modules HiR+(M)n, the function given by
n → eq0(H iR+(M)n)
is antipolynomial with a representing polynomial whose degree and leading coefﬁcient are
expressed in terms of local cohomological data of M on Proj(R) (cf. Corollary 3.10).
In Section 4, we study the case where i equals the ﬁnite length dimension g = g(M) of
M. As a ﬁrst result we prove that the graded R-module m0R(H
g
R+(M)) is K-Artinian (cf.
Proposition 4.2) and draw the conclusion that the numerical functions given by
n → lengthR0(m0(HgR+(M)n)) and n → lengthR0(0:HgR+ (M)nq0)
are both antipolynomial of degree less than g (cf. Corollaries 4.3 and 4.4). Now, by a mere
use of the Associativity Formula one might conclude that the function given by
n → eq0(HgR+(M)n)
is antipolynomial of degree less than g.
Butwedobetter and apply the results of Section 3 in order to get a description of the degree
and the leading coefﬁcient of the representing polynomial in terms of local cohomological
data of M (cf. Theorem 4.11):
The function given by n → eq0(HgR+(M)n) is antipolynomial and the degree and the
leading coefﬁcient of the representing polynomial may be expressed by local cohomo-
logical data of M on Proj(R).
To reach this goal, we ﬁrst prove a result on the asymptotic behaviour of the set
AssR0(H
g
R+(M)n) and of the set Supp0(H
g
R+(M)n) of all p0 ∈ AssR0(H
g
R+(M)n) for which
dim(R0/p0) is maximal (cf. Theorem 4.10).
As for the unexplained terminology we refer to [10].
2. Hilbert–Kirby polynomials
In this section we give a few preliminaries on Hilbert–Kirby polynomials and some ﬁrst
applications to local cohomology modules.
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Remark 2.1.
(A) Let A=⊕n∈ZAn be an Artinian R-module. We keep in mind the following fact:
(a) If (B(m)=⊕n∈ZB(m)n )m∈N0 is a descending sequence of graded submodules B(m)
of A such that for each n ∈ Z there is somemn ∈ N0 with B(mn)n =0, thenB(m)=0
for all m 0.
(B) LetA be as above.Then all theR0-modulesAn areArtinian and the following statements
are equivalent:
(i) The R0-module An is ﬁnitely generated or all n 0.
(ii) lengthR0(An)<∞ for all n 0.(iii) There is some m ∈ N withmm0 An = 0 for all n 0.
(To prove (ii)⇒ (iii), apply statement (A)(a) with B(m) =mm0 A).
If A satisﬁes the equivalent requirements (i)–(iii), there is a (uniquely determined)
polynomial P˜A ∈ Q[x] such that
lengthR0(An)= P˜A(n) for all n 0,
the Hilbert–Kirby polynomial of A (cf. [12]).
(C) A graded R-module A which is Artinian and satisﬁes the equivalent conditions (i)–(iii)
of part (B) is said to be a graded Artinian module with Hilbert–Kirby polynomial or
just a graded K-Artinian R-module. Clearly
The property of being a gradedK-ArtinianR-module is inherited by graded submodules
and by graded homomorphic images and is preserved under shifting.
Moreover one has the following base change property:
If (R′0,m′0) is a Noetherian ﬂat local R0-algebra with m′0 = m0R′0 and if A is a
graded K-Artinian R-module, then A′ := R′0⊗R0A is a graded K-Artinian module
over R′ := R′0⊗R0R. Moreover P˜A′ = P˜A.
Remark 2.2.
(A) Let N =⊕n∈ZNn be a Noetherian graded R-module. Then, it is easy to see that the
following statements are equivalent:
(i) lengthR0(Nn)<∞ for all n 0.(ii) There is some m ∈ N withmm0 Nn = 0 for all n 0.
If N satisﬁes these two equivalent requirements, there is a (uniquely determined) poly-
nomial PN ∈ Q[x] such that
lengthR0(Nn)= PN(n) for all n 0,
the Hilbert polynomial of N.
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(B) A graded R-module N which is Noetherian and satisﬁes the equivalent conditions (i)
and (ii) of part (A) is said to be a graded Noetherian module with Hilbert polynomial
or just a graded H-Noetherian R-module. Observe the following facts:
The property of being a graded H-Noetherian R-module is inherited by graded sub-
modules and by graded homomorphic images and is preserved under shifting.
In addition we have the following base change property:
If (R′0,m′0) is a Noetherian ﬂat local R0-algebra withm′0=m0R′0 and if N is a graded
H-Noetherian R-module, then N ′ := R′0⊗R0N is a graded H-Noetherian module over
R′ := R′0⊗R0R. Moreover PN ′ = PN .
(C) Let N be a graded H-Noetherian R-module. Then the projective support of N,
ProjSupp(N) := Proj(R) ∩ Supp(N)
is contained in Var(m0R). Moreover the degree of the Hilbert polynomial of N is given
by the dimension of the projective support of N, thus
(a) deg(PN)= dim(ProjSupp(N)).
If lengthR0(Nn)<∞ for all n ∈ Z, we have Supp(N) ⊆ Var(m0R), so the graded
support ofN satisﬁes ∗Supp(N) ⊆ ProjSupp(N)∪{m} and hence dim(ProjSupp(N))=
dim(N)− 1. Thus we get
(b) If lengthR0(Nn)<∞ for all n ∈ Z, then deg(PN)= dim(N)− 1.(D) Let PN = 0. By e(N) we denote the multiplicity of N. So, the leading coefﬁcient of
the Hilbert polynomial of N has the form
(a) LC(PN)= e(N)deg(PN) ! with e(N) ∈ N.
Finally, let ProjSupp0(N) denote the (ﬁnite) set of all p ∈ ProjSupp(N) whose closure
has maximal dimension, thus
ProjSupp0(N) := {p ∈ ProjSupp(N)| dim(R/p)= deg(PN)+ 1}.
Then, the so-called Associativity Formula for multiplicities says (cf. [9, Corollary 4.7.9])
e(N)=
∑
p∈ProjSupp0(N)
lengthRp(Np)e(R/p).
For later use let us recall the relation between graded K-Artinian and H-Noetherian
modules given by graded Matlis duality.
Remark 2.3.
(A) (cf. [8, Exercise 13.4.5], [9, Theorem 3.6.17]) Let ∗E := ∗ER(R/m) be the ∗injective
envelope of the graded R-module R/m, and let E0 := ER0(R0/m0) be the injective
envelope of theR0-moduleR0/m0.Moreover, for a gradedR-module T =⊕n∈ZTn and
an R0-module U, let ∗D(T ):=∗HomR(T , ∗E) and D0(U) := HomR0(U,E0) denote
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the ∗Matlis dual of T and the Matlis dual of U respectively. Keep in mind that there are
isomorphisms of R0-modules
(a) ∗D(T )nD0(T−n) for all n ∈ Z.
As the exact contravariant functor D0 preserves lengths of R0-modules, we thus get
(b) lengthR0(∗D(T )n)= lengthR0(T−n) for all n ∈ Z,
and this includes the case where the occurring lengths are inﬁnite.
(B) Assume now in addition that (R0,m0) is complete. Then by graded Matlis duality and
by the statements (A)(a) and (b) we have
(a) The graded R-module T is H-Noetherian if and only if its ∗Matlis dual ∗D(T ) is
K-Artinian. Moreover, in this case P˜∗D(T )(x)= PT (−x).
(b) The graded R-module T is K-Artinian if and only if its ∗Matlis dual ∗D(T ) is
H-Noetherian. Moreover, in this case P˜T (x)= P∗D(T )(−x).
(C) Let A be a graded K-Artinian R-module. Then A carries a natural structure as a
graded R̂-module. Clearly, as an R̂-module A is again K-Artinian with lengthR̂0(An)=
lengthR0(An) for all n ∈ Z. In particular, as an R̂-moduleA has the sameHilbert–Kirby
polynomial as it has over R.
We now take the ∗Matlis dual of the R̂-moduleA and denote it by ∗D̂(A). Then according
to statements (B)(b) and (A)(b) we can say
The graded R̂-module ∗D̂(A) is H-Noetherian with
lengthR0(An)= lengthR̂0(∗D̂(A)−n)
for all n ∈ Z and P˜A(x)= P∗D̂(A)(−x).
Moreover in view of Remark 2.2 (C)(b) we can say:
(a) If lengthR0(An)<∞ for all n ∈ Z, then deg(P˜A)= dimR̂(∗D̂(A))− 1.
Proposition 2.4. Let T be a graded R-module such that the R-module (0:T q0) is Artinian.
Then
lengthR0(0:Tnq0)<∞ for all n ∈ Z
and
deg(P˜(0:T q0))= dimR̂(∗D̂(0:Tm0))− 1.
Proof. As (0:Tnq0) is an Artinian R0/q0-module, we have lengthR0(0:Tnq0)<∞ for all
n ∈ Z. By Remark 2.3 (C)(a) it follows
deg(P˜(0:T q0))= dimR̂(∗D̂(0:T q0))− 1.
It thus sufﬁces to show that the R̂-modules ∗D̂(0:Tm0) and ∗D̂(0:T q0) have the same
dimension. As (0:Tm0) = (0:Tm0R̂0) and (0:T q0) = (0:T q0R̂0) we may replace R by R̂,
hence assume that R0 is complete and identify the functors ∗D̂ and ∗D .
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As q0 is m0-primary, there is some n ∈ N with mn0 ⊆ q0. As ∗D is contravariant and
exact, the monomorphisms of graded R-modules
(0:Tm0) (0:T q0) (0:Tmn0)
yield epimorphisms of graded R-modules
∗D(0:Tmn0)→→ ∗D(0:T q0)→→ ∗D(0:Tm0).
It thus sufﬁces to show that
Supp(∗D(0:Tmn0)) ⊆ Supp(∗D(0:Tm0)).
If n = 1, this is obvious. If n> 1, let  := dimR0/m0(mn−10 /mn0). If we apply the functor
HomR0(•, T ) to the short exact sequence of R0-modules
() 0 → (R0/m0)⊕ → R0/mn0 → R0/mn−10 → 0
we get an exact sequence of graded R-modules
0 → HomR0(R0/mn−10 , T )→ HomR0(R0/mn0, T )→ HomR0(R0/m0, T )⊕
and hence
0 → (0:Tmn−10 )→ (0:Tmn0)→ U → 0,
where U is a graded submodule of (0:Tm0)⊕. If we apply the functor ∗D we thus obtain
the following diagram of graded R-modules with exact row and column
0
0
*D(U)
*D(0 :T  m0)
*D(0 :T  m0    )*D(0 :T  m0)

which induces
Supp(∗D(0:Tmn0)) ⊆ Supp(∗D(0:Tm0)) ∪ Supp(∗D(0:Tmn−10 ))
and hence allows to conclude by induction. 
Corollary 2.5. Let A be a graded K-Artinian R-module and let a ⊆ m0 be an ideal. Then
deg(P˜(0:Aa))= deg(P˜A).
Proof. According to Remark 2.1 (B) there is some m ∈ N with mm0 An = 0 for all n 0.
Consequently P˜A = P˜(0:Amm0 ) and P˜(0:Aa) = P˜(0:Aa+mm0 ). If we apply Proposition 2.4 to the
m0-primary idealsmm0 and a+mm0 we get
deg(P˜(0:Amm0 ))= deg(P˜(0:Aa+mm0 ))= dimR̂(∗D̂(0:Am0))− 1.
This proves our claim. 
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Proposition 2.6. Let T be a graded R-module such that the R-module T/q0T is Artinian.
Then
lengthR0(Tn/q0Tn)<∞ for all n ∈ Z
and
deg(P˜T /q0T )= dimR̂(∗D̂(T /m0T ))− 1.
Proof. As Tn/q0Tn is an Artinian R0/q0-module, we have lengthR0(Tn/q0Tn)<∞ for all
n ∈ Z. By Remark 2.3 (C(a)) it follows
deg(P˜T /q0T )= dimR̂(∗D̂(T /q0T ))− 1.
It thus sufﬁces to show that the R̂-modules ∗D̂(T /m0T ) and ∗D̂(T /q0T ) have the same
dimension. As T/m0T = T/m0R̂0T and T/q0T = T/q0R̂0T , we may replace R by R̂,
hence assume that R0 is complete and identify the functors ∗D̂ and ∗D .
As q0 is m0-primary, there is some n ∈ N with mn0 ⊆ q0. As ∗D is contravariant and
exact, the epimorphisms of graded R-modules
T/mn0T →→ T/q0T →→ T/m0T
yield monomorphisms of graded R-modules
∗D(T/m0T ) ∗D(T/q0T ) ∗D(T/mn0T ).
It thus sufﬁces to show that Supp(∗D(T/mn0T )) ⊆ Supp(∗D(T/m0T )). This is done
similarly as in the proof of Proposition 2.4 on use of the exact sequence () of that proof.

Corollary 2.7. Let A be a graded K-Artinian R-module and let a ⊆ m0 be an ideal. Then
deg(P˜A/aA)= deg(P˜A).
Proof. According to Remark 2.1 (B) there is some m ∈ N with mm0 An = 0 for all n 0.
Therefore P˜A = P˜A/mm0 A and P˜A/aA = P˜A/(a+mm0 )A. Applying Proposition 2.6 to the m0-
primary idealsmm0 and a+mm0 we get
deg(P˜A/mm0 A)= deg(P˜A/(a+mm0 )A)= dimR̂(∗D̂(A/m0A))− 1.
This proves our claim. 
Our next theorem is a supplement to the main result of [3].
Theorem 2.8. Let i ∈ N0 and assume that dim(R0)1. Let
d := dimR̂(∗D̂(H iR+(M)/m0HiR+(M)))− 1
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and
d¯ := dimR̂(∗D̂(0:HiR+ (M)m0))− 1.
Then there are polynomials P, P¯ , Q¯ ∈ Q[x] such that
(a) deg(P )= d and lengthR0(H iR+(M)n/q0HiR+(M)n)= P(n) for all n 0.
(b) deg(P¯ )= d¯ and lengthR0(0:HiR+ (M)nq0)= P¯ (n) for all n 0.
(c) deg(Q¯)= d¯ and lengthR0(m0(H iR+(M)n))= Q¯(n) for all n 0.
Proof. According to [3, Corollary 2.6] the graded R-modules HiR+(M)/q0H
i
R+(M) and
(0:HiR+ (M)q0) areArtinian. So, if we apply Proposition 2.6, respectively Proposition 2.4 we
get statements (a) and (b).
By [3, Theorem 2.5] the graded R-module m0R(H iR+(M)) is Artinian. As all the R0-
modulesHiR+(M)n are ﬁnitely generated, it follows that lengthR0(m0(H
i
R+(M)n)) is ﬁnite
for all n ∈ Z. So, there is some t ∈ N withmt0m0R(H iR+(M))= 0 (cf. Remark 2.1 (B)). It
follows m0R(H iR+(M)) = (0:HiR+ (M)m
t
0). If we apply Proposition 2.4 with q0 =mt0, we
get statement (c). 
Next, we give a supplement to Theorem 2.1 and Corollary 2.4 of [13].
Remark 2.9. We denote by c(M) the cohomological dimension of M with respect to R+,
thus
c := c(M) := sup{i ∈ N0|HiR+(M) = 0}.
According to [4, Lemma 3.4] one has
c(M)= dimR(M/m0M).
Theorem 2.10. Let c := c(M) ∈ N0 and let
d := dimR̂(∗D̂(HcR+(M)/m0HcR+(M)))− 1.
Then, there is a polynomialQ ∈ Q[x] of degree d such that
lengthR0(H
c
R+(M)n/q0H
c
R+(M)n)=Q(n) for all n 0.
Proof. Let T := HcR+(M). According to Proposition 2.6 if sufﬁces to show that T/q0T is
Artinian. The graded R-module T/m0T is Artinian (cf. [13, Theorem 2.1]).
As q0 is m0-primary, there is some n ∈ N such that mn0 ⊆ q0. It therefore sufﬁces to
show that T/mn0T is an Artinian R-module. If n = 1, this is clear by what is said in the
ﬁrst paragraph of this proof. If n> 1, we set  := dimR0/m0(mn−10 /mn0) and use the exact
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sequence of R-modules
(T /m0T )
⊕ → T/mn0T → T/mn−10 T → 0
to conclude by induction. 
3. The case i < g(M)
In this section, we introduce the cohomological ﬁnite length dimension g = g(M) of
a ﬁnitely generated graded R-module M and we study the asymptotic behaviour of the
R0-modules HiR+(M)n for n→−∞ in the range i < g.
Deﬁnition 3.1. We deﬁne the cohomological ﬁnite length dimension g(M) ofM as the least
integer i such that theR0-moduleHiR+(M)n is of inﬁnite length for inﬁnitely many integers
n:
g := g(M) := inf{i ∈ N0|({n ∈ Z|lengthR0(H iR+(M)n)=∞} =∞}.
Remark 3.2. Clearly g > 0 and:
(a) lengthR0(H iR+(M)n)<∞ for all i < g and all n 0.
(b) If g <∞, lengthR0(HgR+(M)n)=∞ for inﬁnitely many n< 0.(c) If M is annihilated by some power of m0 (thus in particular if dim(R0) = 0) we have
g =∞.
(d) Let (R′0,m′0)beaNoetherianﬂat localR0-algebrawithm′0=m0R0. Theng(R′0⊗R0M)=
g(M).
(Statement (d) follows immediately by the ﬂat base change property of local cohomology
and by the fact that lengthR′0(R
′
0⊗R0T )= lengthR0(T ) for each R0-module T.)
Our next aim is to show that in the range i < g(M) the R0-modules HiR+(M)n and
Him(M)n coincide for all n 0.
Lemma 3.3. Let i ∈ N0, let n0 ∈ Z, let a ⊆ R0 be an ideal and let b ∈ m0. Assume that
the R0-module Hja⊕R+(M)n is of ﬁnite length for all nn0 and all j i. Then, there are
isomorphisms of R0-modules
H
j
(a,b)⊕R+(M)nH
j
a⊕R+(M)n for all nn0 and all j i.
Proof. Let j i. Then, for each n ∈ Z there is an exact sequence of R0-modules
(H
j−1
a⊕R+(M)n)b → H
j
(a,b)⊕R+(M)n → H
j
a⊕R+(M)n → (H
j
a⊕R+(M)n)b
(cf. [8, Exercise 13.1.12]). For nn0 the R0-modules Hj−1a⊕R+(M)n and H
j
a⊕R+(M)n are
b-torsion. Therefore, we have (Hj−1a⊕R+(M)n)b = (H
j
a⊕R+(M)n)b = 0. 
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Proposition 3.4. Let i ∈ N0, let n0 ∈ Z and assume that theR0-module HjR+(M)n is ofﬁnite length for all nn0 and all j i. Then:
(a) For each nn0 and each j i there is an isomorphism of R0-modules
H
j
R+(M)nH
j
m(M)n.
(b) For each j i, the graded R-module Hjm(M) is K-Artinian.
Proof. (a) Let b1, . . . , bt ∈ R0 be such that m0 =∑tl=1R0bl . For each k ∈ {0, ..., t} let
ak :=∑kl=1R0bl . Observe that a0⊕R+=R+ and at⊕R+=m. Now, a repeated application
of Lemma 3.3 gives our claim.
(b) Clear by statement (a), as the R-modules Hjm(M) are Artinian. 
As an application we get the announced comparison result, the basic tool needed to prove
the main result of this section.
Corollary 3.5. Let j <g(M). Then:
(a) HjR+(M)nH
j
m(M)n for all n 0.
(b) Hjm(M) is K-Artinian.
Theorem 3.6. Let i < g. Then:
(a) There is a polynomial P˜ ∈ Q[x] such that
lengthR0(H
i
R+(M)n)= P˜ (n) for all n 0.
(b) The set
S :=Si (M) := {p ∈ Proj(R)|p ∩ R0 =m0 and Hi−dim(R/p)pRp (Mp) = 0}
is a closed subset of Proj(R) and deg(P˜ )= dim(S)< i.
(c) If P˜ = 0, then
S0 :=Si0(M) := {p ∈S| dim(R/p)= dim(S)+ 1}
is a ﬁnite non-empty set and the leading coefﬁcient of P˜ is given by
LC(P˜ )= (−1)
dim(S)
dim(S)!
∑
p∈S0
lengthRp(H
i−dim(S)−1
pRp
(Mp))e(R/p).
Proof. (a) In view of Corollary 3.5 it sufﬁces to set P˜ := P˜H im(M).(b), (c). By the ﬂat base change property of local cohomology we have
lengthR̂0(H
j
R̂+
(M̂)n) = lengthR0(HjR+(M)n) for all j ∈ N0 and all n ∈ Z. This shows
that neither g nor P˜ (x) are affected if we replace R and M by R̂ and M̂ respectively.
Moreover, if we set
F := {p ∈ Proj(R)|p ∩ R0 =m0} and F̂ := {P ∈ Proj(R̂)|P ∩ R̂0 = m̂0},
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by the natural isomorphism of graded rings R/m0RR̂/m̂0R̂, the map
 :F→ F̂,p → p̂
is a homeomorphism (whose inverse is given byP → P ∩ R) such that
() R̂/̂pR/p for all p ∈F.
In particular we have dim(R̂/̂p)=dim(R/p) for all p ∈F and the ﬂat base change property
of local cohomology gives rise to isomorphisms of R̂p̂-modules
() R̂p̂⊗RpHi−dim(R/p)pRp (Mp)H
i−dim(R̂/̂p)
p̂R̂p̂
(M̂p̂).
The statements (), () show that  induces bijections
S→ Ŝ := {P ∈ F̂|Hi−dim(R̂/P)
PR̂P
(M̂P) = 0},
S0 → Ŝ0 := {P ∈ Ŝ| dim(R̂/P)= dim(S)+ 1}.
By statement () we have R̂p̂/̂pR̂p̂Rp/pRp and hence by statement ()
lengthR̂p̂(H
i−dim(R̂/̂p)
p̂R̂p̂
(M̂p̂))= lengthRp(H i−dim(R/p)pRp (Mp)) for all p ∈S0.
So, to prove the remaining claims we may replace R and M by R̂ and M̂ , respectively, and
hence assume that (R0,m0) is complete.
Now, by Cohen’s Structure Theorem for complete local rings there is a polynomial ring
R′ = R′0[x1, ..., xs] over a complete regular local ring R′0 and a surjective homomorphism
h : R′ → R of graded rings. We write d ′ := dim(R′) and keep in mind that R′(−s) is the
∗ canonical module of R′. Now, let  := Extd ′−i
R′ (M,R
′(−s)). Then, by the Graded Local
Duality Theorem (cf. [9, Theorem 3.6.19]) and the graded base ring independence of local
cohomology we get an isomorphism of graded R-modules Him(M)∗D(). As Him(M)
is K-Artinian,  is H-Noetherian and
() P˜ (x)= P˜H im(M)(x)= P(−x)
(cf. Remark 2.3 (B(a))). Now, let p ∈ Proj(R) and let p′ := h−1(p) ∈ Proj(R′). Then
dim(R′/p′)= dim(R/p) shows that dim(R′p′)= d ′ − dim(R/p). Moreover
p = p′Extd ′−iR′
p′
(Mp′ , R
′(−s)p′)= Ext
dim(R′
p′ )+dim(R/p)−i
R′
p′
(Mp′ , R
′
p′).
Hence by local dualityHi−dim(R/p)pRp (Mp)D(p), whereD := HomRp(•, ERp(Rp/pRp))
denotes the functor of taking theMatlis duals overRp.As the functorD is length preserving,
we get
() lengthRp(H
i−dim(R/p)
pRp
(Mp))= lengthRp(p) for all p ∈ Proj(R).
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As  is H-Noetherian, we have p = 0 for each p ∈ Proj(R) with p ∩ R0 = m0. Together
with statement () this proves that
(ε) S= ProjSupp().
First of all this shows thatS is a closed subset of Proj(R). Moreover, by statement () and
by Remark 2.2 (C)(a) we have deg(P˜ )= dim(S).
By the statements (), (), (ε), by the fact that dim(R/p)= dim(S)+ 1 for all p ∈S0
and by Remark 2.2 (C)(b), and 2.2 (D)(a) we get our claim. 
Remark 3.7. (A) Assume that dim(R0) = 0. Then g = g(M) =∞ (cf. Remark 3.2 (c)).
Let i ∈ N0. Then the setS of Theorem 3.6 (b) is precisely the ith cohomological pseudo-
support +Psuppi (M) of M (cf. [6, Deﬁnition and Remark 1.2 (A)]) and so Theorem 3.6
generalizes Theorem 1.1 of [6].
(B) As shown by Example 1.2 it may happen that for a ﬁxed i ∈ N the R0-modules
HiR+(M)n are all of ﬁnite length but that these lengths are not of antipolynomial growth. In
such a case we obviously must have i > g(M).
Next, we apply Theorem 3.6 to prove a result on the asymptotic growth of the multiplicity
eq0(H
i
R+(M)n) of theR0-moduleH
i
R+(M)n with respect to q0 for n→−∞.We ﬁrst recall
a few preliminaries.
Remark 3.8.
(A) For a ﬁnitely generated R0-module T there is a (uniquely determined) polynomial
P¯q0,T ∈ Q[x] such that
lengthR0(T /q
n+1
0 T )= P¯q0,T (n) for all n 0,
the Hilbert–Samuel polynomial of T with respect to q0.
(B) In the notation of part (A) we have
deg(P¯q0,T )= dim(T ).
By eq0(T ) we shall denote the Hilbert–Samuel multiplicity of T with respect to q0. So,
if T = 0, the leading coefﬁcient of P¯q0,T is given by
LC(P¯q0,T )=
eq0(T )
dim(T )! with eq0(T ) ∈ N.
(C) Finally, let Supp0(T ) denote the (ﬁnite) set of all p0 ∈ Supp(T ) such that R0/p0 is of
maximal dimension:
Supp0(T ) := {p0 ∈ Supp(T )| dim(R0/p0)= dim(T )}.
Then, the so-called Associativity Formula for Hilbert–Samuel multiplicities says (cf.
[9, Corollary 4.7.8])
(a) eq0(T )=
∑
p0∈Supp0(T )length(R0)p0 (Tp0)eq0(R0/p0).
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Lemma 3.9. Let i ∈ N0 and assume that there is a non-empty setW ⊆ Spec(R0) with
Supp0(H iR+(M)n) =W for all n  0. Assume that for each p0 ∈ W there is some
polynomial P˜ [p0] ∈ Q[x] such that length(R0)p0 (H
i
(Rp0 )+
(Mp0)n)= P˜ [p0](n) for all n 0
and set Q˜ :=∑p0∈WP˜ [p0]eq0(R0/p0). Then
(a) eq0(H iR+(M)n)= Q˜(n) for all n 0.
(b) deg(Q˜)=max{deg(P˜ [p0])|p0 ∈W}.
(c) LC(Q˜) =∑p0∈W0LC(P˜ [p0])eq0(R0/p0), whereW0 := {p0 ∈ W| dim(R0/p0) =
deg(Q˜)}.
Proof. By the graded ﬂat base change property of local cohomology there are isomorphisms
of R0-modules Hi(Rp0 )+(Mp0)n(H
i
R+(M)n)p0 for all n ∈ Z. Now, we conclude by the
Associativity Formula of Remark 3.8 (C(a)). 
Corollary 3.10. Let i ∈ N0 and assume that there is a non-empty setW ⊆ Spec(R0) with
Supp0(H iR+(M)n)=W for all n 0. Assume that i < g(Mp0) for all p0 ∈W. Then
(a) There is a polynomial Q˜ ∈ Q[x] such that
eq0(H
i
R+(M)n)= Q˜(n) for all n 0.
(b) In the notation of Theorem 3.6 we have
d := deg(Q˜)=max{dim(Si (Mp0))|p0 ∈W}.
(c) LetW0 := {p0 ∈W| dim(Si (Mp0))= d}. Then
U := Ui (M) := {p ∈ Proj(R)|p ∩ R0 ∈W0 and p ∈Si0(Mp∩R0)}
is a ﬁnite non-empty set and the leading coefﬁcient of Q˜ is given by
LC(Q˜)= (−1)
d
d!
∑
p∈U
lengthRp(H
i−d−1
pRp
(Mp))e((R/p)p∩R0)eq0(R0/(p ∩ R0)).
Proof. Statement (a) is immediate byLemma3.9 (a). ByTheorem3.6 (b) and in the notation
of Lemma 3.9 we have deg(P˜ [p0])= dim(Si (Mp0)). In view of Lemma 3.9 (b) this proves
statement (b).
Now, let p0 ∈W0 and let
U[p0] := {p ∈ Proj(R)|p ∩ R0 = p0 and p ∈Si0(Mp0)}.
Then, by Theorem 3.6 (c) we have
LC(P˜ [p0])= (−1)
d
d!
∑
p∈U[p0]
lengthRp(H
i−d−1
pRp
(Mp))e((R/p)p0).
AsU=⋃p0∈W0U[p0] statement (c) follows by Lemma 3.9 (c). 
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Remark 3.11. (A) It is not known yet, whether the set Supp0(H iR+(M)n) is always asymp-
totically stable for n→−∞. So we have to assume this.
(B) The hypothesis that i < g(Mp0) for all p0 ∈ W cannot be omitted in general, as
shown again by Example 1.2.
(C) Let i < g(M). Then the requested asymptotic stability holds withW ⊆ {m0} by
Theorem 3.6. IfW= {m0} Corollary 3.10 is a mere restatement of Theorem 3.6.
Corollary 3.12. Let i ∈ N0 and let dim(H iR+(M)n)= dim(R0) for inﬁnitely many n ∈ Z.
Then there is a non-empty setW ⊆ Supp0(R0) for which Corollary 3.7 holds.
Proof. By our hypothesis V := ⋃n∈ZSupp0(H iR+(M)n) ∩ Supp0(R0) is a non-empty
ﬁnite set and Supp0(H iR+(M)n) ∩ Supp0(R0) = ∅ for inﬁnitely many integers n. So, there
is a p0 ∈V such that
() p0 ∈ Supp0(H iR+(M)n) for inﬁnitely many n ∈ Z.
For each p0 ∈ V we have dim((R0)p0) = 0 and the graded Rp0 -module HiR+(M)p0
Hi(Rp0 )+
(Mp0) is Artinian. Hence (H
i
R+(M)n)p0(H
i
R+(M)p0)n is non-vanishing for in-
ﬁnitely many n< 0 if and only if it is for all n 0. So, for each p0 ∈V the above condition
() is equivalent to the condition
p0 ∈ Supp0(H iR+(M)n) for all n 0.
This shows that dim(H iR+(M)n)=dim(R0) for all n 0 and then that there is a non-empty
setW ⊆ V such that Supp0(H iR+(M)n) =W for all n  0. As g(Mp0) =∞ for each
p0 ∈W (cf. Remark 3.2 (c)), we may apply Corollary 3.7. 
4. The case i = g(M)
Remark 4.1.
(A) Let us recall the deﬁnition of theR+-ﬁniteness dimension ofM (cf. [8, Deﬁnition 9.1.3])
f := f (M) := inf{j ∈ N0|HjR+(M) is not ﬁnitely generated}.
(B) As the R0-modules HjR+(M)n are ﬁnitely generated and vanish for all n  0 we also
may write
(a) f = inf{j ∈ N0|HjR+(M)n = 0 for inﬁnitely many n< 0}.
So, we may say
(b) f g with strict inequality if AssR0(HfR+(M)n)= {m0} for all n 0.
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(C) Assume that x ∈ R1 is a non-zerodivisor with respect toM. Then applying cohomology
to the exact sequence 0 → M x·→M(1)→ M/xM → 0 we see that
(a) f (M/xM)f (M)− 1; g(M/xM)g(M)− 1.
Proposition 4.2. Let i ∈ N0 with ig. Then the graded R-module m0R(H iR+(M)) is
K-Artinian.
Proof. We choose ig. As the R0-modules
m0R(H
i
R+(M))n = m0(H iR+(M)n) ⊆ HiR+(M)n
are ﬁnitely generated, it sufﬁces to show that m0R(H iR+(M)) is Artinian. This we do by
induction on i.
AsH 0R+(M)n= 0 for all n 0, the case i = 0 is obvious. So, let i > 0. Let x be an inde-
terminate and letR′0 := R0[x]m0R0[x],m′0 := m0R′0,R′ := R′0⊗R0R andM ′ := R′0⊗R0M .
Then by the ﬂat base change property of local cohomology R′0⊗R0m0R(H iR+(M))
m′0(H
i
R′+
(M ′)). So, by the Remarks 2.1 (C) and 3.2 (d) it sufﬁces to show that the R′-
module m′0(H
i
R′+
(M ′)) is K-Artinian. Therefore, we may replace R and M by R′ and
M ′, respectively, and hence assume that R0/m0 is inﬁnite. As i > 0 we may replace M
byM/R+(M) and thus assume that R+(M)= 0. So there is an element x ∈ R1 which is
a non-zerodivisor with respect to M.
Now, consider the gradedR-moduleUi := Hi−1R+ (M)/xHi−1R+ (M) and the exact sequence
of graded R-modules
0 → Ui → Hi−1R+ (M/xM)→ (0:HiR+ (M)x)(−1)→ 0
which induces an exact sequence of graded R-modules
() m0R(H
i−1
R+ (M/xM))→ m0R((0:HiR+ (M)x)(−1))→ H
1
m0R(U
i).
As ig, the R0-module Hi−1R+ (M)n is of ﬁnite length for all but ﬁnitely many degrees n
and hence the same holds for Uin. Therefore the graded R-module
H 1m0R(U
i)
⊕
n∈Z
H 1m0R(U
i)n
⊕
n∈Z
H 1m0(U
i
n)
is concentrated in ﬁnitely many degrees and has graded components which are Artinian
R-modules. So, H 1m0R(U
i) is an Artinian R-module. As
i − 1g − 1= g(M)− 1g(M/xM),
(cf. Remark 4.1 (C)(a)) by induction,m0R(H i−1R+ (M/xM)) is anArtinianR-module.There-
fore, by the sequence () the R-module
m0R(0:HiR+ (M)x)= (0:m0R(H iR+ (M))x)
isArtinian. So byMelkersson’s Lemma theR-modulem0R(H iR+(M)) isArtinian, too. 
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Corollary 4.3. Let g <∞. Then there is a polynomial P˜ ∈ Q[x] of degree less than g such
that
lengthR0(m0(H
g
R+(M)n))= P˜ (n) for all n 0.
Proof. By Proposition 4.2 the graded R-module
m0R(H
g
R+(M))=
⊕
n∈Z
m0(H
g
R+(M)n)
isK-Artinian and so has a Hilbert–Kirby polynomial P˜ . It remains to show that deg(P˜ )< g.
This we do by induction on g. As usually we may assume that R0/m0 is inﬁnite and-as
g > 0-that R+(M) = 0. So, there is an element x ∈ R1 which is a non-zerodivisor with
respect to M. As lengthR0(H
g−1
R+ (M)n)<∞ for all n  0 we thus get for all n  0 exact
sequences of R0-modules
0 → Hg−1R+ (M/xM)n+1/Un+1 → H
g
R+(M)n → H
g
R+(M)n+1
with an R0-submodule Un+1 ⊆ Hg−1R+ (M/xM)n+1 of ﬁnite length. In particular
m0(H
g−1
R+ (M/xM)n+1/Un+1)m0(H
g−1
R+ (M/xM)n+1)/Un+1 for all n  0. So, we
get exact sequences
0 → m0(Hg−1R+ (M/xM)n+1)/Un+1 → m0(H
g
R+(M)n)→ m0(H
g
R+(M)n+1)
for all n 0. It follows that
0 P˜ (n) P˜ (n+ 1)+ lengthR0(m0(Hg−1R+ (M/xM))n+1) for all n 0.
If g = 1, we have Hg−1R+ (M/xM)n+1 = H 0R+(M/xM)n+1 = 0 for all n  0 and hence
deg(P˜ )< 1= g. Now, let g > 1. Observe that g(M/xM)g − 1 (cf. Remark 4.1 (C)(a)).
If g(M/xM)= g − 1 we can use induction to ﬁnd a polynomial Q˜ ∈ Q[x] of degree less
than g − 1 such that
lengthR0(m0(H
g−1
R+ (M/xM)n+1))= Q˜(n+ 1) for all n 0.
If g(M/xM)>g − 1, we ﬁnd such a polynomial Q˜ by Theorem 3.6. Thus, for all n  0
we have 0 P˜ (n) P˜ (n+ 1)+ Q˜(n+ 1), and this proves that deg(P˜ )< g. 
Corollary 4.4. Let g <∞ and let P˜ be as in Corollary 4.3. Then, there is an polynomial
P¯ ∈ Q[x] such that
deg(P¯ )= deg(P˜ )
and
lengthR0(0:HgR+ (M)nq0)= P¯ (n) for all n 0.
Proof. Apply Corollary 2.5 with A= m0R(HgR+(M)). 
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Remark 4.5.
(A) Let p ∈ Proj(R). The (R+-) adjusted depth of M at p is deﬁned as
adjdepthp(M) := depthRp(Mp)+ height((R+ + p)/p)
(cf. [8, Deﬁnition 9.2.2], where a different notation is used).
(B) Observe that with p0 := p ∩ R0 we have
(a) height((R+ + p)/p)= dim((R/p)p0).
As a consequence of this,
(b) adjdepthpRp0 (Mp0)= adjdepthp(M).(C) Let us also recall that according to [8, Theorems 9.3.5 and 13.1.17] we have
(a) f (M) inf{adjdepthp(M)|p ∈ Proj(R)}
with equality if R0 is a homomorphic image of a regular local ring.
Lemma 4.6. Assume that AssR0(H
f
R+(M)n) = {m0} for all n  0. Then, in the notation
of Theorem 3.6 we have
{p ∈ Proj(R)|adjdepthp(M)= f } =Sf (M) = ∅.
Proof. As f <g = g(M) (cf. Remark 4.1 (B)(b)) and HfR+(M)n = 0 for inﬁnitely many
n< 0 (cf. Remark 4.1 (B)(a)) Theorem 3.6 shows that Sf (M) = ∅. It thus remains to
prove the stated equality. Let p ∈ Proj(R) with adjdepthp(M) = f . We wish to show that
p ∈Sf (M). As a ﬁrst step we prove that p0 := p∩R0 =m0. Assume to the contrary that
p0m0. Then, by Remark 4.5 (B)(b) and (C)(a) we have
f (Mp0)adjdepthpRp0 (Mp0)= f.
AsSupp(HfR+(M)n) ⊆ {m0} for all n 0we get (H
f
R+(M)n)p0=0 for all n 0.On use of
the graded ﬂat base change property of local cohomologywe thus get f (Mp0)>f , a contra-
diction. So we must have p0 = m0. Now, on use of Remark 4.5 (B)(a) we
have height((R++p)/p)= dim(R/p), hence depthRp(Mp)=f− dim(R/p). It follows
H
f− dim(R/p)
pRp
(Mp) = 0, thus p ∈Sf (M).
Conversely, let p ∈Sf (M). Then p∩R0=m0 andHf−dim(R/p)pRp (Mp) = 0. So, in view
of Remark 4.5 (B)(a)
depthRp(Mp)f − dim(R/p)= f − height((R+ + p)/p).
It follows adjdepthp(M)f and hence adjdepthp(M)= f (cf. Remark 4.5 (C)(a)). 
Proposition 4.7. Let f <∞. Then for all n 0 we have
minAssR0(H
f
R+(M)n)=min{p ∩ R0|p ∈ Proj(R) and adjdepthp(M)= f }.
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Proof. By [4, Proposition 5.6] we know that the set AssR0(HfR+(M)n) is asymptotically
stable for n → −∞. So, there is a non-empty set W ⊆ Spec(R0) such that W =
minAssR0(H
f
R+(M)n) for all n 0.
Let p0 ∈ W. Then (HfR+(M)n)p0 = 0 for all n  0. So, on use of the ﬂat base
change property of local cohomology we get f (Mp0)=f and Ass(R0)p0 (H
f
(Rp0 )+
(Mp0)n)=
{p0(R0)p0} for all n  0. Now, if we apply Lemma 4.6 to the Rp0 -module Mp0 , we ﬁnd
some q ∈ Proj(Rp0) with q ∩ (R0)p0 = p0(R0)p0 . Let p = q ∩ R. Then p0 = p ∩ R0 and
adjdepthp(M)= adjdepthq(Mp0)= f (cf. Remark 4.5 (B(b))).
Now, conversely, let p0 ∈ Spec(R0) minimal with the property that there is some
p ∈ Proj(R) with p ∩ R0 = p0 and adjdepthp(M) = f . Then adjdepthRp0 (Mp0) = f(cf. Remark 4.5 (B)(c)) and hence f (Mp0)f . Again, by the ﬂat base change property
of local cohomology f (Mp0)f and hence f (Mp0) = f . Another use of the ﬂat base
change property implies that p0 ∈ Supp(HfR+(M)n) for inﬁnitely many n< 0 (cf. Remark
4.1 (B)(a)). Therefore we ﬁnd some p′0 ∈W with p′0 ⊆ p0. By the ﬁrst part of our proof
there is some p′ ∈ Proj(R) with p′ ∩ R0 = p′0 and adjdepthp′(M)= f . By the minimality
of p0 we get p′0 = p0 and hence p0 ∈W. 
Remark 4.8. In [5, Theorem 1.8] it is shown that, under the hypothesis that R0 is a homo-
morphic image of a regular ring and f <∞,
AssR0(H
f
R+(M)n)= {p ∩ R0|p ∈ Proj(R) and adjdepthp(M)= f }
for all n  0. Proposition 4.7 shows that if one considers only the subsets of minimal
members no extra hypothesis on R0 is needed to get equality.
Lemma 4.9. Let g <∞ and S0 ⊆ R0 be amultiplicatively closed set such that S0∩m0 = ∅
and such that the setPn := {p0 ∈ AssR0(HgR+(M)n)|S0∩p0=∅} is non-empty for inﬁnitely
many n ∈ Z. Then:
(a) f (S−10 M)= g.
(b) Ass
S−10 R0
(H
g
(S−10 R)+
(S−10 M)n)= {S−10 p0|p0 ∈ Pn} for all n ∈ Z.
Proof. By the graded ﬂat base change property of local cohomologywe have isomorphisms
of S−10 R0-modules
Hi
(S−10 R)+
(S−10 M)nS
−1
0 H
i
R+(M)n
for all i ∈ N0 and for all n ∈ Z. Choosing i = g, we get claim (b).
If i < g, Supp(H iR+(M)n) ⊆ {m0} for all n  0. As S0 ∩ m0 = ∅ it follows that
S−10 HiR+(M)n = 0 for all n 0 and hence the above isomorphisms yield claim (a). 
Our next result is an extension of the corresponding results in [4,5] obtained by replacing
f (M) by g(M).
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Theorem 4.10. Let g <∞ andT :=T(M) := {p ∈ Proj(R)|adjdepthp(M)= g} and let
W=W(M) be the set of all p0 ∈ Q := Q(M) := {p∩R0|p ∈T} for which dim(R0/p0)
is maximal. Then:
(a) There is some n0 ∈ Z such that AssR0(HgR+(M)n)=AssR0(H
g
R+(M)n0) for all nn0.
(b) If n0 is as in statement (a), then Supp0(HgR+(M)n)=W for all nn0.(c) If R0 is a homomorphic image of a regular local ring, then
AssR0(H
g
R+(M)n)\{m0} = Q\{m0} for all n 0.
If g=f , the same equalities hold without removingm0 fromAssR0(HgR+(M)n) respec-
tively Q.
Proof. (a) If f = g, we conclude by [4, Proposition 5.6]. So, let f <g. By the graded ﬂat
base change property there are isomorphisms of R̂0-modulesHg
R̂+
(M̂)nR̂0⊗R0HgR+(M)n
and these show by ﬂatness that
AssR0(H
g
R+(M)n)= {p̂0 ∩ R0|p̂0 ∈ AssR̂0(H
g
R̂+
(M̂)n)}
for all n ∈ Z. This allows to replace R andM respectively by R̂ and M̂ and hence to assume
that (R0,m0) is complete.
Now, by the deﬁnition of g, the set
() P :=
⋃
n∈Z
AssR0(H
g
R+(M)n)\{m0}
Is non-empty. As P is countable and R0 is complete, by the Countable Prime Avoidance
Principle (cf. [14]), we ﬁnd an element
() s ∈ m0\
⋃
P.
As lengthR0(H
g
R+(M)n)=∞ for inﬁnitelymanyn ∈ Z, we haveAssR0(H
g
R+(M)n)\{m0} =
∅ for all such n. If we apply Lemma 4.9 with S = {sk|k ∈ N} we get f (Ms)= g. So, by [4,
Proposition 5.6] there is some m0 ∈ Z such that
Ass(R0)s (H
g
(Rs)+(Ms)n)= Ass(R0)s (H
g
(Rs)+(Ms)m0) for all nm0.
In the notation of Lemma 4.9 we have Pn = AssR0(HgR+(M)n)\{m0}. So, by Lemma 4.9(b) the setPn is asymptotically stable for n→ −∞. Moreover, by Proposition 4.2 the set
AssR0(H
g
R+(M)n) ∩ {m0} is asymptotically stable for n→−∞. This proves claim (a).(b) According to statement (a) there is a non-empty setV ⊆ Spec(R0) such that
Supp0(H
g
R+(M)n)=V for all n 0.
It sufﬁces to show thatV =W. If f = g, this follows by Proposition 4.7. So, let f <g.
Let v := dim(R0/p0) and w := dim(R0/p′0), where p0 ∈V and p′0 ∈W.
First letp0 ∈V. As lengthR0(HgR+(M)n)=∞ for inﬁnitelymanyn< 0,wehavep0m0.
If we apply Lemma 4.9with S=R0\p0 we get f (Mp0)=g andAss(R0)p0 (H
g
(Rp0 )+
(Mp0)n)=
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{p0(R0)p0} for all n  0. So, by Proposition 4.7 there is some q ∈ Proj(Rp0) such that
q∩ (R0)p0 =p0(R0)p0 and adjdepthq(Mp0)=g. Setting p := q∩R it follows p∩R0=p0,
q= pRp0 and adjdepthp(M)= g (cf. Remark 4.5 (B)(b)). So, we have shown
() V ⊆ Q and v > 0.
Next, let p0 ∈W. By () we have dim(R0/p0) = wv > 0 so that p0m0 and Lemma
4.9 (a) yields again that f (Mp0) = g. As p0 ∈ minQ it follows by Remark 4.5 (B)(b)
that p0(R0)p0 ∈ minAss(R0)p0 (H
g
(Rp0 )+
(Mp0)n) for all n  0 and hence (by Lemma 4.9
(b)) that p0 ∈ minAssR0(HgR+(M)n) for all n  0. As dim(R0/p0)v it follows p0 ∈
Supp0(H
g
R+(M)n) for all n 0. This shows thatW ⊆V and v=w. In view of statement
() we getV=W.
(c) If g=f we may conclude by [5, Theorem 1.8]. So, let f <g. Now, the setP deﬁned
in () is ﬁnite by statement (a) and in addition non-empty. So, we ﬁnd an element s as in
(). Again we get f (Ms) = g. If we apply [5, Theorem 1.8] to the graded Rs-module Ms
we get our claim by Lemma 4.9 (b) and Remark 4.5 (B)(b). 
Theorem 4.11. Let g <∞, and letT=T(M) andW=W(M) be as in Theorem 4.10.
(a) There is a polynomial Q˜ ∈ Q[x] such that eq0(HgR+(M)n)= Q˜(n) for all n 0.
(b) d := deg(Q˜)=max{height((R+ + p)/p)|p ∈T and p ∩ R0 ∈W} − 1> 0.
(c) Let
T0 :=T0(M) := {p ∈T|p ∩ R0 ∈W and height((R+ + p)/p)= d + 1}.
Then, the leading coefﬁcient of Q˜ is given by
LC(Q˜)= (−1)
d
d!
∑
p∈T0
lengthRp(H
g−d−1
pRp
(Mp))e((R/p)p∩R0)eq0(R0/(p ∩ R0)).
Proof. ByTheorem 4.10 it is clear that Supp0(H
g
R+(M)n)=W for all n 0. Let p0 ∈W.
Then, p0m0 and by Lemma 4.9 and Remark 4.1 (B(b))
() f (Mp0)= g <g(Mp0).
Altogether we thus may apply Corollary 3.10. This obviously gives statement (a).
Moreover, by () we may apply Lemma 4.6 and Remark 4.5 (B(b)) in order to see that
() {pRp0 |p ∈T and p ∩ R0 = p0} =Sg(Mp0) for all p0 ∈W.
Now by Remark 4.5 (B)(a) and Corollary 3.10 we get
max{height((R+ + p)/p)|p ∈T and p ∩ R0 ∈W} − 1
=max{dim((R/p)p∩R0)− 1|p ∈T and p ∩ R0 ∈W}
=max{dim(Sg(Mp0))|p0 ∈W} = deg(Q˜).
This proves statement (b).
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Finally from () and in view of Remark 4.5 (B)(a) we obtainT0(M) =U(M), where
U(M) is deﬁned as in Corollary 3.10. Now statement (c) of Corollary 3.10 allows to
complete our proof. 
5. The case dim(R0)= 2
In this section, we primarily study the asymptotic growth of the multiplicities
eq0(H
i
R+(M)n) for n→−∞with respect to q0 in the case where dim(R0)=2.As shown by
Example 1.2we cannot expect that the functionn → eq0(H iR+(M)n) behaves antipolynomi-
ally in general. But aswe shall showbelow, antipolynomiality holds if dimR0(H iR+(M)n)1
for all n 0.
Also, under fairly mild conditions on the ring R0, there is a natural extension of the
mentioned antipolynomiality result to the case where R0 is of dimension greater than 2. In
addition we show that in the case dim(R0)= 2 the function n → lengthR0(0:HiR+ (M)nx) is
antipolynomial if x ∈ m0 is chosen appropriately and that the R-modulesH 1m0R(H iR+(M))
are Artinian.
Remark 5.1. (A) Let T be an R0-module and let x ∈ m0. We recall that x is said to be
m0-ﬁlter regular with respect to T if it satisﬁes the following equivalent conditions:
(i) x is a non-zerodivisor with respect to T/m0(T ).
(ii) (0:T x) ⊆ m0(T ).
(iii) x /∈⋃AssR0(T )\{m0}.
(B) Let T be ﬁnitely generated. Then in view of the above characterisation (iii), each
m0-ﬁlter regular element x ∈ m0 is a parameter with respect to T.
Lemma 5.2. Let dim(R0) = 2, let i ∈ N0 and let x ∈ m0 be a parameter for R0. Then,
the graded R-module m0R(H iR+(M/xM)) is K-Artinian with Hilbert–Kirby polynomial
of degree less than i.
Proof. By the graded base ring independence of local cohomology, there is an isomorphism
of graded R-modules m0R(H iR+(M/xM))m0R/xR(H
i
(R/xR)+(M/xM)). But accord-
ing to [3, Theorems 2.5 (b) and 3.5 (d)] the right-hand side module is K-Artinian with
Hilbert–Kirby polynomial of degree less than i. 
Lemma 5.3. Let i ∈ N0. Then the graded R-module HiR+(m0R(M)) is K-Artinian with
Hilbert–Kirby polynomial of degree less than i.
Proof. As m0R(M) is annihilated by some power ofm0, we have g(m0R(M))=∞ (cf.
Remark 3.2 (c)) and moreover, by the graded base ring independence of local cohomol-
ogy, an isomorphism of graded R-modules HiR+(m0R(M))H
i
m(m0R(M)). Now we
conclude by Corollary 3.5 (b). 
Next, we prove a result which seems of a certain interest for its own.
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Proposition 5.4. Let dim(R0)= 2, let i ∈ N0 and let x ∈ m0 be a parameter for R0 and
m0-ﬁlter regular with respect to M and with respect toHiR+(M)n for all n 0. Then there
exists a polynomial S˜ ∈ Q[x] such that deg(S˜)< i and
lengthR0(0:HiR+ (M)nx)= S˜(n) for all n 0.
Proof. Consider the exact sequence
0 → m0R(M)→ M → M → 0 where M := M/m0R(M)
and the induced exact sequence
HiR+(m0R(M))→ HiR+(M)
→HiR+(M)→ Hi+1R+ (m0R(M)).
As HiR+(m0R(M)) and H
i+1
R+ (m0R(M)) are K-Artinian (cf. Lemma 5.3) so are Ker()
and Coker(). Consider the exact sequences
0 → Ker()→ HiR+(M)→ Im()→ 0,
0 → Im()→ HiR+(M)→ Coker()→ 0.
Nowwe apply the functor HomR(R/x0R, •) to get the following exact sequences of graded
R-modules
0 → (0:Ker()x)→ (0:HiR+ (M)x)→ (0:Im()x)→ Ext
1
R(R/x0R,Ker()),
0 → (0:Im()x)→ (0:HiR+ (M)x)→ (0:Coker()x).
As (0:Ker()x) and (0:Coker()x) are graded submodules of Ker() and Coker(), they both
are K-Artinian. Moreover, Ext1R(R/x0R,Ker()) is a graded subquotient of a ﬁnite direct
sum of copies of Ker() and thus is K-Artinian. So, the modules (0:Ker()x), (0:Coker()x)
and Ext1R(R/x0R,Ker()) admit Hilbert–Kirby polynomials. It thus sufﬁces to show that
the function given by n → lengthR0(0:HiR+ (Mn)x) is antipolynomial of degree less than i.
Therefore we may replaceM byM and hence assume that m0R(M)= 0. Now, x is regular
with respect to M. By this argument and the fact that x is m0-ﬁlter regular with respect to
HiR+(M)n for all n 0, we get for all such n the exact sequences
() 0 → (0:HiR+ (M)nx)→ m0(H
i
R+(M)n)→ m0(xH iR+(M)n)→ 0,
() 0 → m0R(xH iR+(M))
	→m0R(H iR+(M))→ m0R(H iR+(M)/xHiR+(M)),
0 → m0R(H iR+(M)/xHiR+(M))→ m0R(H iR+(M/xM)).
By Lemma 5.2, the R-modulem0R(H iR+(M/xM)) isK-Artinian with Hilbert–Kirby poly-
nomial of degree less than i. Now in view of (),Coker(	) is K-Artinian with
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deg(P˜Coker(	)) < i. Let S˜ := P˜Coker(	). Then deg(S˜)< i and on use of (), () we get
lengthR0(0:HiR+ (M)nx)= lengthR0(m0(H
i
R+(M)n))− lengthR0(m0(xH iR+(M))n)
= lengthR0(Coker(	)n)= S˜(n)
for all n 0 and this completes our proof. 
Remark 5.5. (A) If (R0,m0) is complete, there are elements x ∈ m0 which satisfy all the
requirements of Proposition 5.4. Namely, let
P := {p ∩ R0|p ∈ AssR(M) ∪Ass(R0) ∪
⋃
n∈Z,i∈N0
AssR0(H
i
R+(M)n)}\{m0}.
Then, by the Countable Prime Avoidance Principle (cf. [14]) we have m0\⋃P = ∅, and
each element in this set satisﬁes the requirements of Proposition 5.4 (cf. Remark 5.1).
(B) Although the function n → lengthR0(0:HiR+ (M)x) is antipolynomial in the situation
of Proposition 5.4, the graded R-module (0:HiR+ (M)x) need not be Artinian. Indeed if this
module is Artinian, then by Melkersson’s Lemma m0R(H iR+(M)) is Artinian. But there
are many examples for which this is not the cases. To see a concrete case let R =M be as
in Example 1.2 and choose i = 2.
Lemma 5.6. Let dim(R0)= 2 and let x ∈ m0 be a parameter which is a non-zerodivisor
with respect to M. Then for each i ∈ N0, the graded module
m0R(H
i
R+(M))/(xH
i
R+(M) ∩ m0R(H iR+(M)))
is K-Artinian with Hilbert–Kirby polynomial of degree less than i.
Proof. The short exact sequence 0 → M x·→M → M/xM → 0 yields a monomorphism
of graded R-modules HiR+(M)/xH
i
R+(M)H
i
R+(M/xM). As
m0R(H
i
R+(M))/(xH
i
R+(M) ∩ m0R(H iR+(M)))
(m0R(H
i
R+(M))+ xHiR+(M))/xH iR+(M) ⊆ m0R(H iR+(M)/xHiR+(M)),
we may conclude by the left-exactness of the functor m0R and by the fact that
m0R(H
i
R+(M)/xH
i
R+(M)) is K-Artinian with Hilbert–Kirby polynomial of degree less
than i (cf. Lemma 5.2). 
Theorem 5.7. Let dim(R0) = 2 and let dimR0(H iR+(M)n)1 for all n  0. Then there
exists a polynomial Q˜ ∈ Q[x] such that deg(Q˜)< i and eq0(H iR+(M)n) = Q˜(n) for all
n 0.
Proof. If dimR0(H iR+(M)n)= 2 for inﬁnitely many n, we conclude by Corollary 3.10. So,
we may assume that dimR0(H iR+(M)n)= 1 for all n 0.
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By the graded ﬂat base change property of local cohomology there are isomorphisms of
R̂0-modules
R̂0⊗R0HiR+(M)nHiR̂+(M̂)n
for alln ∈ Z.Moreover, q0R̂0 is m̂0-primary and for each ﬁnitely generatedR0-moduleTwe
have dimR0(R̂0⊗R0T )=dimR0(T ) and eq0R̂0(R̂0⊗R0T )=eq0(T ).Altogether, this allows to
replace R andM by R̂ and M̂ , respectively, and hence to assume that (R0,m0) is complete.
Consider the exact sequence 0 → m0(M) → M → M → 0 with M := M/m0R(M)
and the induced exact sequence
HiR+(m0R(M))→ HiR+(M)
→HiR+(M)→ Hi+1R+ (m0R(M)).
Since HiR+(m0(M)) and H
i+1
R+ (m0(M)) are K-Artinian, the R-modules Ker() and
Coker() are K-Artinian too. Hence dimR0(Ker()n)= dimR0(Coker()n)0, and so eq0
(H iR+(M)n)= eq0(H iR+(M)n) for all n 0. So we may replaceM byM and hence assume
that m0R(M)= 0. Now, according to Remark 5.5 (A) there is an element x ∈ m0 which is
a parameter for R0 andm0-ﬁlter regular with respect to M and all R0-modules HiR+(M)n.
As x is a non-zerodivisor with respect to Tn := HiR+(M)n/m0(H iR+(M)n) and this
R0-module has dimension 1 for all n 0, we thus get
eq0(H
i
R+(M)n)= eq0(Tn)= eq0(Tn/xT n)
= lengthR0(Tn/xT n)
= lengthR0(H iR+(M)n/(xH iR+(M)n + m0(H iR+(M)n)))
for all n 0.
So, in view of Lemma 5.6 and the short exact sequence
0 → m0R(H iR+(M))/(xH iR+(M) ∩ m0R(H iR+(M)))→ HiR+(M)/xHiR+(M)
→ HiR+(M)/(xH iR+(M)+ m0R(H iR+(M)))→ 0
it sufﬁces to ﬁnd a polynomial P˜ ∈ Q[x] of degree less than i such that
lengthR0(H
i
R+(M)n/xH
i
R+(M)n)= P˜ (n)
for all n 0.
As x is a non-zerodivisor with respect to M, we have a monomorphism of graded R-
modules
HiR+(M)/xH
i
R+(M)H
i
R+(M/xM).
If we apply the functor m0R and keep in mind that
HiR+(M)n/xH
i
R+(M)n = (H iR+(M)/xHiR+(M))n
ism0-torsion for all n 0, we may use Lemma 5.2 and set P˜ := P˜m0R(H iR+ (M)/xHiR+ (M)).

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Remark 5.8. (A) Let R be as in Example 1.2. Then the function n → eq0(H 2R+(R)n) =
lengthR0(H
2
R+(R)n) is not antipolynomial. This shows that the conclusion of Theorem 5.7
need not hold if dim(H iR+(M)n)= 0 for all n 0.
(B) Let R =⊕n∈N0Rn be as in Example 1.2, let R′0 := R0[z](m0,z), where z is an
indeterminate. Let R′ := R′0⊗R0R and let m′0 be the maximal ideal of R′0. Then, by
the graded ﬂat base change property of local cohomology there are isomorphisms of R′0-
modules H 2
R′+
(R′)nR′0⊗R0H 2R+(R)n for all n ∈ Z. On use of the Associativity Formula
(cf. Remark 3.8 (C)(a)) it easily follows that:
em′0(H
2
R′+
(R′)n)= lengthR0(R′0⊗R0H 2R+(R)n) for all n ∈ Z
so that the function n → em′0(H 2R′+(R
′)n) is not antipolynomial. On the other hand we have
dimR′0(H
2
R′+
(R′)n)= 1 for all n 0.
This shows that the conclusion of Theorem 5.7 need not hold if dim(R0)> 2.
(C) Observe that in Theorem 5.7 we did not impose that the set Supp0(H iR+(M)n) is
asymptotically stable for n → −∞ but only that dimR0(H iR+(M)n) ultimately takes a
positive value if n tends to −∞.
Notice that in Theorem 5.7 the only restriction on the base ringR0 was that dim(R0)=2.
But under reasonablymild conditions on the structure ofR0, one has the following extension
of Theorem 5.7.
Theorem 5.9. Let i ∈ N0 and assume that R0 is a ﬁnite integral extension of a domain
or essentially of ﬁnite type over a ﬁeld. Assume that dimR0(H iR+(M)n) dim(R0)− 1 for
inﬁnitely many integers n. Then the set Supp0(H iR+(M)n) is asymptotically stable for n→
−∞ and there is a polynomial S˜ ∈ Q[x] such that deg(S˜)< i and eq0(H iR+(M)n)= S˜(n)for all n 0.
Proof. If dimR0(H iR+(M)n) = dim(R0) for inﬁnitely many n ∈ Z, we may conclude by
Corollary 3.12. So, we may assume that dimR0(H iR+(M)n) = dim(R0) − 1 for inﬁnitely
many n ∈ Z. Now, by [2, Theorem 3.7 and Proposition 3.9] the set
{p0 ∈ AssR0(H iR+(M)n)| dim(R0/p0) dim(R0)− 1}
is asymptotically stable for n → −∞. This shows that dimR0(H iR+(M)n)= dim(R0)− 1
and that there is a non-empty set W ⊆ Spec(R0) with Supp0(H iR+(M)n) =W for all
n 0.
Now, let p0 ∈ W. Then dim(R0/p0) = dim(R0) − 1 and hence dim((R0)p0)1. As
p0 ∈ Supp0(H iR+(M)n) for all n  0 and in view of the graded ﬂat base change property
of local cohomology we see that Hi(Rp0 )+(Mp0)n(H
i
R+(M)n)p0 is an (R0)p0 -module of
ﬁnite length and henceHi(Rp0 )+(Mp0)n=p0(H
i
(Rp0 )+
(Mp0)n) for all n 0. But according
to [3, Theorem 3.5 (d)] there is a polynomial P˜ [p0] ∈ Q[x] of degree less than i such that
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length(R0)p0 (H
i
(Rp0 )+
(Mp0)n)= P˜ [p0](n) for all n 0. Now we get our claim by Theorem
3.6. 
Our last result is an extension of [3, Theorem 2.5 (b)] to the case dim(R0)= 2.
Proposition 5.10. Let i ∈ N0 and let dim(R0)2. Then the graded R-module
H 1m0R(H
i
R+(M)) is Artinian.
Proof. If dim(R0)1, this statement is the same as [3, Theorem 2.5 (b)]. Let dim(R0)=2.
There is a systemofparameters (x, y)ofR0 andhenceH 1m0R(H
i
R+(M))=H 1(x,y)R(H iR+(M)).
Consider the exact sequence of R-modules
0 → H 1yR(H i−1R+ (M))→ Hi(y,R+)(M)→ yR(H iR+(M))→ 0,
which yields an epimorphism H 1xR(H
i
(y,R+)(M))→→ H 1xR(yR(H iR+(M))). Furthermore,
there is a monomorphism
H 1xR(H
i
(y,R+)(M))H
i+1
(x,y,R+)(M)=Hi+1m (M)
and the latter module is Artinian. So H 1xR(yR(H
i
R+(M))) is Artinian.
Application of the functor xR to the monomorphism H 1yR(H
i
R+(M))H
i+1
(y,R+)(M)
yields a monomorphism xR(H 1yR(H
i
R+(M)))xR(H
i+1
(y,R+)(M)). Furthermore, there is
an epimorphism
Hi+1m (M)=Hi+1(x,y,R+)(M)→→ xR(H i+1(y,R+)(M))
and the ﬁrst module is Artinian. So xR(H 1yR(H
i
R+(M))) is Artinian. Now, by the exact
sequence
0 → H 1xR(yR(H iR+(M)))→ H 1(x,y)R(H iR+(M))→ xR(H 1yR(H iR+(M)))→ 0
we get our claim. 
The following example shows that the above result need not hold if dim(R0)> 2.
Example 5.11. Let K be a ﬁeld, let x, y, z,u, v, t be indeterminates and let R0 :=
K[x, y, z](x,y,z) andm0 := (x, y, z)R0. Furnish the polynomial ring S := R0[u, v] with its
standard grading and consider theNoetherian homogeneousR0-algebraR := S/(xv−yu)S,
which is canonically isomorphic to the Rees ring R0[(x, y)t] of R0 with respect to the
ideal (x, y) ⊆ R0. Let R0 := K[x, y](x,y)R0/zR0, m0 := m0R0 = (x, y)R0 and R :=
R/zR=S/(xv−yu)S, where S := R0[u, v]. If we apply cohomology to the exact sequence
0 → R z·→R → R → 0and observe that R+ is generated by two elements, we get an exact
sequence of graded R-modules
() H 2R+(R)
z·→H 2R+(R)→ H 2R+(R)→ 0.
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As RR0⊗R0R, the graded ﬂat base change property of local cohomology gives rise to
isomorphisms of R0-modules H 2R+(R)R0⊗R0H 2R+(R). As R0 is isomorphic to a lo-
calization of the polynomial ring R0[z], it follows that the map z· in () is injective.
So, applying local cohomology with support in m0R we get a monomorphism of R-
modules m0R(H 2R+(R))H
1
m0R
(H 2R+(R)). But according to [3, Example 4.2], the R-
module m0R(H 2R+(R)) = m0(H
2
R+
(R)) is not Artinian. So H 1m0R(H
2
R+(R)) is not
Artinian.
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